Introduction
The purpose of this paper is to exhibit a natural construction between complex geometry and symplectic geometry following the idea of mirror symmetry. We construct A-branes from B-branes based on the SYZ picture and adiabatic limit type argument. Namely, suppose we are given a family of pairs of 2-dimensional Kähler tori and stable holomorphic vector bundles (i.e. B-branes) on them (M ǫ , E ǫ ), ǫ ∈ (0, 1], and each has structure of a Lagrangian torus fibration π :M ǫ → B whose fibers are of diameter O(ǫ). Let (M, ω) be SYZ mirror symplectic manifold ofM 1 . Let A ǫ be a family of hermitian Yang-Mills(HYM) connections on E ǫ . As ǫ goes to zero, A ǫ will, modulo possible bubbles, converge to a connection which is flat on each fiber. Then, since each fiber is a torus, limit connection will determine elements of the dual torus, which are points of the fiber of the mirror M 1 . These points gather to make up (special) Lagrangian variety (i.e. A-brane).
The contents of this paper is as follows. In the next section, we review some facts about mirror symmetry, especially in the context of SYZ conjecture and describe our main result. Then in section 3, we study the behavior of HYM connections near the adiabatic limit. The analysis of the connections go along the lines of Dostoglou and Salamon [4] , but there is an extra difficulty in our case. Namely, we have to prove the non-existence of small energy bubbles, which was prohibited in [4] , because of the existence of exponential decay estimate. Here in our case, this does not hold. The reason is that in [4] , the bundle restricted to each fiber does not have moduli of positive dimension, but in our case the moduli is S 2 . So, to show the non-existence of small energy bubbles, we study in sections 4 and 5 carefully the space of connections on the bundle restricted to the fiber and then construct a gauge of the bundle on R 2 × T 2 which is suited for cut-off construction. The cut-off connection can be extended to a bundle on S 2 × T 2 , a compactification of R 2 × T 2 , and then the integral of the curvature is represented by topological quantity. If this is not zero, it contradicts the smallness of the given instanton. In section 6, we complete the proof of the main theorem. Presumably, the Lagrangians should be attached with flat bundles. We discuss this point at the final remark.
The author would like to thank Professor Kenji Fukaya for leading to this problem and giving him useful suggestions and advises. He also thanks Manabu Akaho for informing him about the erratum of [4] .
Review of geometric mirror symmetry
In this section, we review some of mirror symmetry and set up the particular situation we will be concerned with. For more details about the materials in this section, refer to [8] and references therein. Let (M , ω, J) be a Kähler surface and π :M → B be a Lagrangian torus fibration, B is a compact surface (not specifying complex structure). We assume π has an SL(2, Z) structure, namely, there is a Z n bundle Λ → B whose structure group is SL(2, Z) and put E = Λ ⊗ Z R. Then we assumeM is isomorphic to the torus bundle E/Λ. Sô M has a natural flat structure induced from Λ (Gauss-Manin connection) and we denote it by ∇ GM . Furthermore,M has a canonical flat section, the zero section s 0 .
Our assumption, which is often assumed in mirror symmetry is that this flat structure onM is compatible with the Kähler structure. Namely, we assume the following conditions.
1. The symplectic structure ω and the complex structure J is invariant under the local T 2 action to fibers. 2. Every fiber and the zero section are Lagrangian submanifolds. 3. J(T B) = T F , where B is identified with the image of the zero section and T F is the bundle on it whose fibers are tangent spaces to the fibers of π.
We call these conditions as Kähler T 2 -structure. We put M = E * /Λ * and call it the mirror ofM . From above conditions, we can deduce the following results.
• The base B has an affine structure and locally we have affine coordinates {x 1 , x 2 } such that for some affine coordinates {y 1 , y 2 } of the torus, {x i , y i } are Darboux coordinates for the symplectic structure ofM . We call {x 1 , x 2 } symplectic coordinates and {x i , y i } symplectic coordinates forM .
• The base B has affine coordinates {x 1 ,x 2 } such that for the affine coordinates {y 1 , y 2 } of the torus, {x i , y i } are complex coordinates for the complex structure ofM , namely J( ∂ ∂yi ) = − ∂ ∂xi holds. We call {x 1 ,x 2 } complex coordinates for B and {x i , y i } complex coordinates forM .
• The mirror manifold M has a Kähler structure which also satisfies the conditions 1, 2, 3.
• Moreover, complex coordinates for the base B ofM becomes symplectic coordinates for the base B of M and vice versa. This symplectic coordinates and the dual coordinates of {y 1 , y 2 } of the fiber torus will be local symplectic coordinates for the total space of M .
For the proof and more extensive argument about these conditions, see [8] .
We need one more result about these manifolds, namely about the Kähler condition for (ω, J). This is described as follows (see [8] ):
There is an open cover {U a } a∈I of the base B (I is an index set) and smooth functions h a on them such that their second derivatives g ij = ∂ 2 ha ∂x i ∂x j form a Riemannian metric g a on U a . These metrics are compatible on the intersections of the coverings.
The metric on the whole space M is defined from this base metric using the zero section, the invariance of ω, J under the local T 2 action and the invariance of the metric under the action of J.
Now the relation between the symplectic and complex coordinates can be described using this metric. In fact, the complex coordinates of the base is given by the Legendre transform of the symplectic coordinates:
Defining a functionh byh = h − i=1,2 x ixi , the symplectic coordinates are described by the inverse Legendre transformation:
For later use, we write the metric explicitly in terms of local coordinates, and at the same time fix the notations. We denote by s, t the symplectic coordinates of the base, byš,ť the complex coordinates of the base and by x, y the affine fiber coordinates. The symplectic form onM is ω = ds ∧ dx + dt ∧ dy. The forms ds, dt, dx, dy composes a base of T * M . We denote by ∂ s , ∂ t , ∂ x , ∂ y the dual base of TM . Similarly for complex coordinates, so we define ∂š, ∂ť, ∂ x , ∂ y as the dual of dš, dť, dx, dy Put g 11 =
∂t∂t . Then the complex structure is given by J(∂ s ) = g 11 ∂ x +g 12 ∂ y , J(∂ t ) = g 12 ∂ x +g 22 ∂ y . The metric on the whole space is given by the 4 × 4-matrix (in terms of symplectic coordinates)
where g ij s are components of the inverse matrix of (g ij ). Note that 
Now we set up the situation with which we will be concerned, namely the situation in which adiabatic limit type argument will work. So let (M 1 , ω 1 , J 1 ), be a complex 2-dimensional Kähler torus, π 1 :M 1 → B a Lagrangian torus fibration which satisfies the conditions 1, 2, 3 above, and use the same letters s, t,š,ť etc... to describe the corresponding notions we have discussed. We define J ǫ , ǫ ∈ (0, 1] by J ǫ (∂š) = ǫ −1 ∂ x and J ǫ (∂ť) = ǫ −1 ∂ y holds in the complex coordinates of (M 1 , ω 1 , J 1 ) (which we will denote simply by (M, ω, J))) and ω ǫ = ǫω. These (J ǫ , ω ǫ ) still define Kähler structures, and satisfy the conditions 1, 2, 3. Moreover, s, t andš,ť are symplectic and complex coordinates of the base, respectively. But, the Darboux and complex coordinates of the total space are changed, namely, the fiber coordinates must be multiplicated by ǫ.
We assume we have a family f ǫν : E ǫ →M ǫν of stable vector bundles, ν ∈ N, which are topologically identical. We fix a hermitian metric h on them. Then, after complex gauge transforms, each stable bundles admits a unique (up to unitary gauge) HYM connection. We denote this connection by Ξ ǫν . Our main result is the following. The idea is that in the limit ǫ ν → 0 as ν → ∞, the curvature of HYM connections will converge to 0 on each fiber, so that induce flat connection. Since each fiber is a torus, a flat connection corresponds to a point of the symmetric product of the dual torus. These points constitute the desired Lagrangian. In the next section, we discuss about necessary analysis of the behavior of HYM connections in the adiabatic limit(ǫ ν → 0).
Analytic results
LetM → B be a complex 2-dimensional torus with Kähler T 2 -structure. As in the last section, we consider a family of such manifolds parameterizes by ǫ: (M ǫ , ω ǫ , J ǫ ). Also, we use the same notations s, t,š,ť etc... as in the last section. Let E be a hermitian vector bundle onM and g E its adjoint bundle. Given a hermitian connection on E, locally it is written in the following form.
where
Write the self dual part of F w.r.t. the metric associated with the Kähler form ω ǫ as iF = Λ ǫ F , where Λ ǫ means contraction by ω ǫ . Then, the HYM condition for the connection Ξ isF = c ǫ = const. This constant can be explicitly written down, c ǫ =
Since ω ǫ is linear in ǫ and V ol(M, g ǫ ) is quadratic in ǫ, c ǫ is linear in ǫ −1 , c ǫ ω ǫ does not depend on ǫ. We define a constant c 0 by c 0 ω = c ǫ ω ǫ . Therefore, for a HYM connection, F − ic 0 ω is ASD. We denote by F mix the terms of the curvature whose differential forms have both the fiber and base direction. More 
here * T 2 is the Hodge operator on (T 2 , g) (the fibers) and * M is the Hodge operator onM . Given a family (E ǫν , Ξ ǫν ) as in the last section, we want to know the behavior of HYM connections Ξ ǫν . The above ASD equations are used for this analysis.
In this section, we analyze the first of these and describe the limit behavior of the connection as ǫ ν goes to zero. The conclusion is that after removing bubbles and taking subsequences, the connections converge to some limit connection which is flat in the direction of the fiber. In section 6, we study the second of the ASD equations and we will see that it induces the Lagrangian condition for the submanifold of the mirror symplectic manifold constructed from the limit connection appeared in the study of the first equation. Now, we will begin the study of the first equation. Fix a positive number p > 4. The main result in this section is the following. 
Proof. We must show that the bubbling phenomena take places on only finitely many points. This follows if we can show that the energy which each bubble brings away is bounded from below. In a similar situation, the classification of how bubbles occur was done by Dostoglou and Salamon in the proof of theorem 9.1, [4] . In the same way as in [4] , there are three types of bubbles:
Here M(T 2 ) is the representation variety of π 1 (T 2 ) in the gauge group U (n). For reader's convenience, we briefly recall the nature of these bubbles. For more extensive arguments, see [4] , the proof of theorem 9.1. These three types of bubbles are classified due to the degree of divergence of the curvature. Namely, let Ξ ν be a sequence of HYM connections on the bundles (E ǫν , h ǫν ) →M ǫν , ǫ ν → 0 as ν → ∞, ν ∈ N. Let w ν be a sequence of points on B, such that
diverges (we used the description of the connection as if the base were R 2 . This is possible since the problem considering here is a local one). The case (1) appears when the sequence ǫ ν c ν is unbounded. In this case, a usual instanton on S 4 splits off. The case (2) is the case there exists a sequence w ν → w 0 such that ǫ ν c ν (w ν ) ≥ δ > 0 and not of the case (1). Here, an anti self dual connection on R 2 × T 2 appears when the rescaling argument is applied. Finally, the case (3) is the case when there exists a sequence w ν → w 0 on B such that c ν (w ν ) diverges, but ǫ ν c ν (w ν ) tends to zero. In this case, a CP 1 family of flat connections on a U (N ) bundle on T 2 , in other words, a holomorphic sphere in the representation variety M(T 2 ) bubbles off. The cases (1) and (3) are treated exactly in the same way as in [4] . In the case (1), the energy of the bubble is bounded from below by the YM energy of 1-instanton on S 4 . In the case (3), YM energy is calculated by the volume of the holomorphic sphere in M(T 2 ), and this is also bounded from below. In the case (2), the exponential decay estimate proved in theorem 7.4 of [4] is not applicable here (by the existence of reducible connections). We prove that this type of bubble also brings away finite energy bounded by a positive constant in the next two sections. For the reader's convenience, we state the result here in a form which is suited for our current purpose. 
Therefore the locus at which bubbles occur consists of finitely many points. The rest of the proof of the proposition is given by an application of Uhlenbeck's weak compactness theorem, which is applicable on any compact subset K ⊂ B − Z since the L ∞ norm of the curvature is bounded from above, where Z is the finite point set at which some subsequence of {ω ν } converges. Let
so by Fubini's theorem, the flatness of A 0 at almost all fibers follows. The rest of the assertion is obvious.
The space of unitary connections on T 2
In this section, we study the analytic nature of the space of unitary connections on a rank 2, topologically trivial, hermitian vector bundle E on T 2 . This is used in the next section to prove the non-existence of non flat small energy ASD connections on such a bundle. Note that in our main theorem 2.1, the complex structure is such that the fibers and base are lagrangian submanifolds, but here the complex structure is the standard one, namely the product of complex curves C × T 2 . This causes no problem, because the results of this section and the next is used for the study of the bubblings of connections, and only the rescaled limit of the base is concerned. In this limit, the geometric structure becomes product, and the space of ASD 2-forms are invariant under hyperkähler twist. Every such connection determines a holomorphic structure on E, and so the holomorphic classification of such bundles will helpful for our analysis. We first recall this. For the proof, see Friedman [5] .
Theorem 4.1. Any holomorphic structure on E is semi-stable and is one of the following form: The last assertion can be interpreted from the point of view of connections. We denote the space of unitary connections by
and (−c.c) means the hermitian conjugate.
There is an affine subspace consisting of connections with constant components:
Any flat connection on E is gauge equivalent to a connection of diagonal constant form. We denote the space of these connections by t :
Any connection in t which equals modulo
is also gauge equivalent by gauge transforms
, and thus, we have T 2 family of gauge equivalent connections. Further, the exchange of the diagonal components (this is given by the matrix 0 1
also gives a pair of gauge equivalent connections. This last action has four fixed points on T 2 and the resulting space is the Riemann sphere. Comparing with the holomorphic classification, these connections define the type 1 of the above theorem. Then, how can we interpret the type 2 bundles? In fact, these do not permit flat connections, and connections of the form
gives the corresponding holomorphic structure (any b gives the same holomorphic structure and in particular, these (α fixed) are all complex gauge equivalent). The S-equivalence identifies these with the limit (b → 0) flat connections, and so the moduli of S-equivalent classes is isomorphic to S 2 . We summarize above argument in the next proposition.
Proposition 4.2. Any element in
A is complex gauge equivalent to either of
Proof. Recall that any unitary connection of E defines a holomorphic structure. It follows from the previous argument that any holomorphic structure is isomorphic to the one which is induced by some of the connections of the statement. Given any connection, take a biholomorphic bundle map from it to the one of the above. This map gives the desired complex gauge transformation.
Our main objective is the nature of the action of complex gauge group on flat connections. We first recall the complex gauge transformation
The Lie algebra of G C is given by
We remark the following easy 
Proof. This follows from a straight forward calculation. For the second case, the Lie algebra of the isotopy group of, for example, a = π/2 case is given by
where x, y are standard coordinates on T 2 .
In particular, the whole locus of flat connections is degenerate in the sense that each point has nontrivial isotropy group. In other words, this space is non-transverse. In fact, the index of the complex
here A is a flat connection, is zero, and so the virtual dimension of the moduli of flat connections is zero. On this point, we make some remarks. 
acts on A without isotropy, at least locally.
We make the second remark in a more precise form.
Proof. The tangent space of the orbit of the complex gauge transforms at A ′ is given by Imd
So from the remark, it suffices to prove d * corresponds to the isotropy groups of A in the complex gauge transforms, so the proposition follows from the classification of the isotropy.
We will need the refinements of this proposition later. At this stage, we give some more remarks. 2. As the connection gets closer to 0 in t, the differential of the diffeomorphism of the above proposition will come close to have a kernel.
However, for the gauge transforms obtained by exponentiating the elements of
We will state this point in the following form. Proof. Modulo the terms containing the quadratics or higher order terms of v,
where * is the Hodge operator of
The proposition is the standard result of elliptic estimates. Proof. Assume that A is complex gauge equivalent to a flat connection. By the corollary 4.10, A is transformed into sl 2 C by a complex gauge transform g such that g − Id C r+1 < Cǫ. So the resulting connection A ′ with constant components can be written as the following form:
with |a|, |b|, |c| < Cǫ. We want to get the connection which is complex gauge equivalent to A ′ and have the form
Preferring the plus signature, λ = a 0 1 + 2a/a 0 + (a 2 + bc)/a 2 0 . So
(ii)The case |a 0 | < 10Cǫ.
Obviously, |λ| < 5Cǫ. 
Here g s acts fiberwise (that is, not as a transform of a bundle on S × T 2 ) with C a constant not depending on {A s } Proof. This follows from corollary 4.10 and proposition 4.12.
Proposition 4.14. There is a constant δ 0 with the following property. Let A be a connection on E with F A L 2 < δ < δ 0 . Moreover, assume there is a flat 
here A 0 = a 0 0 −a dz + (−c.c) is a flat connection to which A is complex gauge equivalent and C is a constant not depending on A and A 1 .
Proof. Assume A is complex gauge equivalent to a flat one. By the above proposition 4.12, we can replace A 1 with A 0 , that is, we can assume from the first that A is complex gauge equivalent to A 1 with the estimate F A L 2 < δ < δ 0 and A − A 1 C r < ǫ. By the corollary 4.10, there is a complex gauge transform g which maps A into sl 2 C and have the estimate g − Id C r+1 < ǫ.
In particular, the estimate g 2 ) * g * A is bounded by δ. Then, since the C r+1 -norm of e is bounded by ǫ, we get an inequality of the form ∆ g * A e − f (g * A, e)e L 2 < δ, where f (g * A, e) is a function of g * A and e whose C r norm is bounded by Cǫ. Now e belongs to U ∐ C and the first eigenvalue of ∆ A on U ∐ C is uniformly bounded from below, elliptic theory tells us that we have the estimate e C r < Cδ. So g 2 − Id C r < Cδ and g * 2 A − A C r < δ. Replacig A by g * A and recalling that the C r -norm of g 1 is bounded by Cǫ, we have g * A − g * 1 A C r < Cδ. Since the L 2 -norm of the curvature of g * 1 A is bounded by δ by assumption, we see F g * A L 2 < Cδ. Now our proposition is reduced to the following lemma. 
Proof. It suffices to prove that if the constant valued complex gauge transform by a hermitian matrix P = pr of determinant one, transforms the connection A 1 into a connection with F P * A1 C r < δ, then the difference from A 1 of the components of P * A 1 is bounded by √ δ. The components of A = P * A 1 is given by
Put it as Bdz + (−c.c). Its curvature is given by (BB † − B † B)dzdz where
The assumption is that the absolute values of the components of BB † − B † B are bounded by δ. Since pr = 1 + |q| 2 , we have p + r > 2 1 + |q| 2 . So
Then,
On
Moreover, p 2 < √ 2pr = √ 2(1 + |q| 2 ) and the same inequalities hold for |aqp|. The lemma follows. We also have the parametrized version. 
Non-existence of small energy doubly periodic instantons
Recently, there is large development in the study of finite energy instantons on T 2 × R 2 , which are called by the name of doubly periodic instantons, by those people including Biquard, Jardim, etc., see [1] , [9] . Although their studies are quite detailed, they had to assume the decay of the curvature, namely, quadratic decay in the direction of R 2 . They have succeeded to classify doubly periodic instantons under this assumption. We deal in this section the case when this decay of the curvature is not assumed. Roughly speaking, the result can be stated that even in this case we would be able to speak about 'instanton number' of the doubly periodic instantons (for the precise statement, see theorem 5.3). This result will be an important step for classifying general doubly periodic instantons.
First we show that a small energy doubly periodic instanton determines a constant map to the S-equivalence moduli of rank 2 bundles on T 2 . Let Ξ = A + Φds + Ψdt be a doubly periodic instanton on the SU (2)-bundle E on T 2 × R 2 . Denote by [A] the S-equivalence class of the holomorphic structure of the rank 2 bundle on T 2 determined by A. Since the ASD connection Ξ determines a holomorphic structure on E, [A] determines a holomorphic map ρ from C = R 2 to S 2 , the S-equivalence moduli. We first quot the following theorem of Fukaya [6] .
Theorem 5.1. Let Y be a compact Riemannian 4-manifold with (or without) boundary. Let
Then, there are constants
Then, there is a flat connection A 0 and a gauge transform g which satisfies the following estimate.
Theorem 5.2. If the energy of the connection Ξ is sufficiently small, the image of the map ρ is a point.
Proof. We first compare the Yang-Mills energy of ASD connections and the energy of J-holomorphic maps defined by Ξ. For this purpose, we first recall the symplectic structure on the moduli. The symplectic structure ω at a flat connection [A] is given by
where v and w are representatives of
The energy of a map from C to the moduli is given by integrating the pull-back of ω. On the otherhand, the Yang-Mills energy of Ξ is given by
If the fiber components A of Ξ are flat, A gives a holomorphic map from C to S 2 and so locally, we have a holomorphic map from U to T 2 , U is an open subset of C. In this case, the form ∂ s A − d A Φ is d A closed and so represents an element of H 1 A (T 2 ). In particular, the energy of the map is given by
and so Y M (Ξ) is larger the the energy of the holomorphic map.
In our case, A's are not necessarily flat, but the Y M (Ξ) is small. Since in any case ρ is holomorphic, the image is a point or the whole of S 2 . Assume the image is S 2 . Then, consider a connected component of the inverse image of an open disc in S 2 , not containing the singular four points. Take a ball U contained in it, then since the energy of Ξ is small, we can apply the above theorem to the restriction of E to U × T 2 so that there is a flat connection Ξ 0 and a unitary gauge transform g satisfying
Assuming the curvature of Ξ is sufficiently small, we can apply corollary 4.11, so that the estimate
holds. This contradicts to the assumption that the image of ρ is whole of S 2 .
Now we begin the proof of the main theorem of this section, the non-existence of small energy doubly periodic instantons. Namely we will prove the next theorem.
Theorem 5.3. Let Ξ be a doubly periodic instanton of energy less than δ 0 . Then, Ξ is a flat connection.
Remark 5.4. According to the final remark of the last section, this result extends to the cases of SU (N ) bundles for any N .
Proof. Let R be a positive integer and N be the annulus B R+1 − B R . We first prove the following lemma. Proof. Let U 1 be the region defined by
Applying the theorem [F] to U 1 ×T 2 , we conclude that there exist a trivialization of E| U1×T 2 and a flat connection Ξ 0 such that the inequality
holds. Denoting the fiber component of Ξ 0 by A 0 (s), s ∈ U 1 , we have
Since A 0 (s) is flat, it is unitary gauge equivalent to an element of t. In particular, there is a unitary gauge transform g s such that g * s A 0 (s) ⊂ t holds. Then we have g *
On the other hand, since g * s A s is complex gauge equivalent to A 0 , we can put A 0 (s) = A 0 by proposition 4.12.
Doing the same procedure on the overlapping region U 2 × T 2 , where
we have a gauge transformation h such that
holds. The difference of the gauges g −1 s h s satisfies the inequality
, which follows by triangle inequality. By corollaries 4.10 and 4.13, there exists
* is a constant gauge transform and so g −1 s h s is written as a composition of a constant gauge transform and exp(−v s ). Since the gauge group SU (N ) is connected and exp(−v s ) is sufficiently C r -small, we can take a gauge transformg on U 2 × T 2 such that
in such a way that the norm gA 0 − A 0 C r (heregA 0 is considered as a family of connections on T 2 , and the base component is neglected) do not exceed that of (g −1 h) * A 0 − A 0 . Now we have constructed a trivialization on U 1 ∪ U 2 × T 2 so that in this trivialization, the fiber part of the connection matrix of Ξ satisfies
Continuing this process until we go around N , we construct a trivialization on N × T 2 so that the required inequality holds. In the final step where we treat the region U = {z ∈ N |(2R − 2)π/R < argz < (2R + 1)π/R , the gauge of U 1 and U may not coincide on the overlap. However, by the same argument as above, we can construct a global gauge on N × T 2 . Now we go back to the proof of the theorem. Apply the previous theorem 5.2 to Ξ and let [A 0 ] be the class of the connections representing the S-equivalence class to which A is mapped. By the above lemma 5.5, we can find a gauge such that the fiber component A of Ξ satisfies the estimate
Moreover, taking δ 0 sufficiently small, we can assume that it is possible to apply corollary 4.16. Then by a unitary gauge transform, we can transform Ξ so that we have
where A(s, t) denotes the fiber component of the gauge transformed connection Ξ by some abuse of notation over the fiber on (s, t) ∈ R 2 and F As,t is its curvature. We write by Ξ = A + Φds + Ψdt this gauge transformed connection. Let U 1 be the region on R 2 as above. Let V be an open disc on T 2 . Since the curvature of Ξ is small and it is ASD, we have Coulomb gauge on U × V . Denoting by Ξ Coulomb = A ′ +Φ ′ ds+Ψ ′ dt the connection matrix of Ξ in Coulomb gauge, we have the estimates
Let g ∈ C ∞ (U 1 × V, SU (2)) be the difference of these two gauges. Then
where d T 2 means taking only the fiber component of the exterior differential.
Putting
holds. Recalling that A 0 , and so A ′ 0 is a flat connection on T 2 , we can transform A ′ 0 by a gauge transform of C r+1 norm less than δ to the product connection. So we can include this change of gauge from the first and g transforms A 0 to 0. Then, since gauge transforms on a disc which maps a constant connection matrix to the product connection differ one another only by constant transforms, we can write g as the form g = g 1 (s, t)g 2 (x, y), where s, t are coordinates of the base and x, y are coordinates of the fiber. Then,
where d U means taking the base component of the exterior differential. Note that g −1 1 A 0 g 1 +0ds+0dt is flat, since it is transformed to the product connection by the gauge transform g 2 . We calculate that
Looking at the base component of this equation, we see
A 0 g 1 is constant in the direction of the base. Moreover, changing g 2 (and correspondingly also g 1 ) if necessary, we can assume
Since A 0 itself is an element of t, it means
What we have done is summarized as follows: on the open set U × V , there is a gauge transform g 1 (s, t), depending only on the base coordinates, a trivialization of E| U×V , and a flat connection which is represented by A 0 + 0ds + 0dt in the given trivialization, such that the estimate
holds. Now take another discṼ on T 2 and do the same construction, and suppose we have transformed Ξ intog −1 1 Ag 1 +Φds +Ψdt, with the estimates g
By construction, the difference of the gauges on U × V and U ×Ṽ depends only on the base coordinates, and we write it by h(s, t). Then, we have
From this, we see that
L 2 and so there is a constant gauge transform h 0 such that
So we can use the gauge transformg 1 h instead ofg 1 , obtaining a gauge over U × (V ∪Ṽ ). Proceeding similarly, we get a gauge transform g, depending only on the base, over U × T 2 so that
holds. Now take another open region U 2 as before and do the same construction, so we get
The difference between the two gauges h = gg −1 depends only on the base and satisfies
From this, we see
We can extend the gauge transform h onŨ smoothly so that it preserves A 0 and get a gauge transformh,
Thenh satisfies both of the estimates
. and
.
Continuing this process until we go around N , we may have, at the last step, a discrepancy of the gauge on the overlap {z ∈ N |(2R − 1)π/R < argz < (2R + 1)π/R} ∩ {z ∈ N |0 < argz < 2π/R} .
Denoting this holonomy by exp2πA, gauge transforming by exp(Aθ), we get a global gauge transformation g on N and a flat connection A 0 + Adθ with
on any U with
Now let χ be a cut-off function depending only on the radius on R 2 such that
where Ξ 0 is the flat connection A 0 + Adθ. Then we have
Let ρ be a function on R 2 which depends only on the radius of R 2 such that
LetΞ be the connection on E defined bȳ Ξ = ρΞ.
Then, sinceΞ on B R+2 − B R+1 is defined by a path of flat connections on T 3 , we see that
on the whole R 2 . While,Ξ can be extended to a connection over a bundle on S 2 ×T 2 , and so the integration of T rFΞ∧FΞ is a topological quantity. Combining these remarks, we see that
for some n ∈ Z. We first estimate the second term. Since
we are going to estimate the right side. On N , we have the pointwise estimate
for z ∈ N and a region U containing z on N which appeared in the construction of the gauge. Let {U i } i∈I , I = 1, 2, · · · , 2R − 1 be such regions covering N . Note that the shape of each U i does not depend on N . By Schwarz's inequality, we have
Now, since F ξ is square integrable, there is R such that
holds, which is a contradiction because the right side diverges. Now we want to
We use the following elementary result.
Lemma 5.6. Let a 1 , . . . , a n be a sequence of positive numbers. Let r 1 < r 2 be positive numbers. We vary a 1 , . . . , a n under the condition that the sum
i takes the maximum when all the a i are equal.
Proof. First we prove the case of n = 2. Then we have a
2 ) 1/r2 . It is easy to see that f (a 2 ) takes its maximum (under the condition a 1 , a 2 > 0) when a r2 2 = C/2, namely, a 1 = a 2 . The general case follows from this. Namely, suppose a 1 , . . . , a n are not equal. Then, take maximum and minimum a i , a j . We vary these under the condition a r2 i + a r2 j is fixed. Then, by the above argument, a r1 i + a r1 j takes its maximum when we take a i = a j , and this new sequence a 1 , . . . , a n has larger n i=1 a r1 i than the original one. Iterating this procedure, a 1 , . . . , a n converges to the sequence such that a 1 = · · · = a n .
Using this lemma, We have
Next we estimate
We have, by the same calculation as above,
By these estimates, we have
From this inequality, we see n = 0 and
is assumed to be small. Since F Ξ is ASD, it follows that F Ξ = 0.
Proof of the main theorem
In the last section, we associated a locally weakly converging subsequence of Sobolev connections, given a family of HYM connections on a family of Kähler manifolds and stable bundles on them, parametrised by ǫ. The fiber component A of the limit connection, which we write by Ξ = A + Φds + Ψdt was shown to be flat, and so by taking the holonomy along the fibers, we can associate to it a family of points on the fibers of the dual torus fibration (that is, the mirror symplectic manifold) M of a Kähler manifoldM 1 with a Kähler T 2 structure. Our final task is to show that these points constitute a Lagrangian subvariety of M . We write this subspace of M as L. The limit connection satisfies (weakly) the following equations: * M (F mix − c 0 ω) = −(F mix − c 0 ω), and
where F mix is given by
Moreover, since the connection is in L p 1 (p can be taken larger than 2), we can take the Coulomb gauge (Uhlenbeck [10] ), preserving the validity of above equations (because these are the limits of HYM equations and the validity of HYM equations is independent of the unitary gauge transforms) and in particular
where d * is defined using the metric ofM 1 . Though the limit connection will fail to be HYM for the metric ofM 1 , these equations constitute elliptic equations for Ξ. Note that since the metric on the base is analytic, the coefficients of these equations are also analytic. So by elliptic regularity, Ξ is locally gauge equivalent to an analytic connection on B − Z. Holonomy along a fiber is obtained by solving an ordinary differential equation with coefficients the components of A. So by the above argument, we have the following simple result. Proof. Easily follows from the above lemma.
Using a local frame of E on π −1 (U ), U is a small open subset of the base (recall E is trivial when restricted to fibers and so we can take a frame globally in the fiber direction), denote A as A = A x dx + A y dy, here A x and A y are skew hermitian matrix-valued functions on π −1 (U ). On a small disc of the dense open subset of the above lemma, we can choose a gauge such that the connection matrices A x and A y are simultaneously diagonalized constants, noticing that the holonomy group is abelian since it is the image of a representation of the group π 1 (T 2 ) and that the connections are flat. So write A as
on this disc. In the diagonal presentation of the connection above, the holonomy is given by simply exponentiating the components. Moreover, in this gauge the connection matrices are harmonic on each fiber, and we can decompose the ASD equation containing F mix to the harmonic part and the other part. The harmonic part is then of the following form (see below for the calculation):
These consist elliptic equations for a i and b i . On the otherhand, the fiber component A of the connection defines an analytic map from B − Z to M, the moduli space of flat U (N ) connections on the topologically trivial bundle on T 2 . M is given by the N -times symmetric product S N (T 2 ) * of the dual of T 2 and in particular a smooth manifold. (the moduli of flat SU (N ) connections is given by the submanifold of S N (T 2 ) * defined by the trace-free condition.) These points consists a multi-section on B − Z of the mirror torus fibration M . We denote this by L. Recall M has a natural symplectic structure ω and choosing a complex structure of T 2 defines a natural complex structure making ω into a Kähler form. Proof. If A is a holomorphic map, then the energy is given by the integration of the pullback of the symplectic form of M (which is topological, as is well known) and we don't need to fix a complex structure of the fibers. However, in our case A is not holomorphic (first of all, we don't put holomorphic structure on the base) and so we locally fix holomorphic structures of the fibers, using the local product structures ofM → B. The Yang-Mills functional forM ǫ is given by
which is bounded since ξ is HYM, and so the value of the functional is given by a topological quantity. If A is holomorphic with s + it a holomorphic coordinate of the base, the energy of the map [A] : B − Z → M is given by the term
and so the limit
is bounded. A is not holomorphic in our case, but the energy of [A] is given by the integration of the terms which are some linear combinations of quadratics of ∂ s A and ∂ t A with coefficients depending on the metric of B and the complex structure J of the fibers, and bounded by C( Proof. First note that the metric of M is the orbifold metric induced from the flat metric on (T 2 ) ×N . So in the diagonal presentation of the fiber components of the connection, the above lemma says that the energy of the multisection is finite. More precisely, each a i (s, t) and b i (s, t) may not be defined on a neibourhood of Z (since there is an ambiguity of the order among them). But the non-ordered sets (a i (s, t)) i=1,...,N and (b i (s, t)) i=1,...,N are well defined, so we can speak of the energy of the multisection by summing the energy of each component. Now, the standard technique for proving the interior estimates can be applied to the elliptic equations ( * ) and we can show that the C 1 norms of a i (s, t) and b i (s, t) as a map from B − Z to S N (T 2 ) is bounded. In particular, we can extend the multisection L to the whole of B. Note that L is defined by the solutions of elliptic equations with analytic coefficients. So if the two of the pairs (a i , b i ), (a j , b j ) have an accumulation point, they have to coincide globally. We note this as follows.
Proposition 6.7. Branch points of L is a discrete subset of B.
Now we begin to prove that the locus L is a lagrangian subvariety of M . Recall that the mirror symplectic manifold (M,ω) of (M 1 , ω 1 , J 1 ) has Darboux coordinates (š,ť, x * , y * ) andω = dš∧dx * +dť∧dy * in this coordinates. Taking the connection A in the above form, the tangent space of L at (s, t, a i (s, t), b i (s, t)) is spanned by vectors of the form
Substituting these vectors to the symplectic formω, the condition that the submanifold L is Lagrangian is given by the following equation
Now, looking at
Since ω is a self dual form, we have * M c 0 ω = c 0 ω.
Using these and fiberwise harmonic part of the ASD equation, we have the following identities:
The identity (A) × g 12 − (B) = 0 gives precisely the Lagrangian condition for L given above.
Next, we prove the specialness of L when the base space is Calabi-Yau and the c 1 of the bundles vanish. It is known that M is Calabi-Yau if and only if detg = const. (we normalize this to 1). First, we must identify the holomorphic volume form. The holomorphic coordinates on M are given by z 1 = s + ix * , z 2 = t + iy * .
Proposition 6.8. The form dz 1 ∧dz 2 determines a globally defined holomorphic volume form on M .
Proof. Take another affine coordinates S, T on the base and corresponding fiber coordinates X * , Y * so that these constitute a complex coordinates for M . Namely, J(∂ S ) = ∂ X * and J(∂ T ) = ∂ Y * . These satisfy Putting Z 1 = S + iX * and Z 2 = T + iY * , it is easy to see that
Since we have already proved that L is Lagrangian, to prove it is special it suffices to show the imaginary part of the holomorphic volume form restricts to zero on L. The imaginary part of dz 1 ∧ dz 2 is given by Im(dz 1 ∧ dz 2 ) = ds ∧ dy * − dt ∧ dx * .
Substituting the tangent vectors ℓ 1 , ℓ 2 of L given above, we have Since we have assumed c 1 = 0, the constant c 0 becomes zero in the identities (i) and (iv) above. So we have (i) + (iv) = ∂ t b i + ∂ s a i = 0. Now our theorem is proved.
Miscellaneous
Here we make some remarks.
About flat bundle
We mention about the flat connection on L. From the usual mirror symmetry point of view, it is desirable to attach to our Lagrangian subvariety a flat vector bundle in a natural manner. In fact, there is an obvious candidate for it as mentioned below, but the possible ramifications of the Lagrangian obstruct us. In the gauge which diagonalize A with constant components on each fiber, the d A exact part and the d A coexact part of the ASD equation is equivalent to means that the 1-form Φds + Ψdt defines a flat connection on the vector subbundle of the restriction of E to the smooth part of L. So we want to attach to the i-th branch of the lagrangian the i-th subspace of the fiber of E in the nondegenerate case and higher rank subbundle of E to the degenerate branch. However, to do this in a well-defined way, the ramification of the Lagrangian and that of the bundle (i.e, the holonomy around the branch point of the lagrangian) must be compatible, and we cannot prove it at present.
Another construction
In the case of line bundles, simpler construction, not going to adiabatic limit, is possible. In this case, the HYM equation reads * M (F mix − c 0 ω) = −(F mix − c 0 ω)
Note that the differential of Φ and Ψ here is the exterior differentiation, not the covariant differentiation. Using this, it is easy to see that integrating over the fiber torus takes the terms containing Φ and Ψ away, and we have the same set of equations as (14) to (17) before. So the locus of the mirror M determined by the value of the integration of the fiber component of the HYM connection Ξ on the line bundle defines a lagrangian submanifold (which is smooth, see the remark 6.6). One merit of this construction can be applied to any dimension.
This construction does not extend to higher rank cases. However, we can at least construct some locus, from a connection. Namely, let {ℓ 1 , . . . , ℓ n } be a base of the lattice of the fundamental group of the fiber T n . Having a hermitian connection on a bundle E →M , the holonomies along ℓ i determines a point of the dual torus. We line up matrices of SL(N, Z) as {A i } i=1,2,... , and take an average point of the dual torus:
With a diagonal argument, if necessary, it is easy to show that this locus, defined locally over an affine open subset of the base, matches on the overlap, and define a global multisection. In the case of the main theorem of this paper, the sequence of loci {L n } defined in this way from the family Ξ ǫν of HYM connections, locally converges to our lagrangian L in Gromov-Hausdorff sense over B − Z. However, it will be too optimistic to expect L n are lagrangians.
